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Introduction 

T h e  e x p e c t e d  d i s t r i bu t ion  of t he  phase  angles  of a set  of 
s t r u c t u r e  fac tors  a b o u t  the  phase  angles  ca l cu la t ed  on the  
basis  of on ly  some of t he  a t o m s  in t he  u n i t  cell was  
cons ide red  for  a s imple  t r ic l inic  case in an  ear l ier  com- 
m u n i c a t i o n  (Sim, 1957). T h e  p r e sen t  p a p e r  is conce rned  
w i t h  t he  d i s t r i bu t ion  law w h i c h  appl ies  to the  phase  
angle  a of a single s t r u c t u r e  f ac to r  F w h e n  OFt, IFHI, 
a n d  a~r are  known ,  IFgl a n d  a g  be ing  va lues  for  t he  
s t r u c t u r e  a m p l i t u d e  a n d  phase  angle  ca l cu la t ed  on the  
basis  of on ly  some of t he  a t o m s  in t he  u n i t  cell. 

Luzza t i  (1953) has  d iscussed the  re la t ionsh ip  b e t w e e n  
t h e  t r ue  e l ec t ron -dens i ty  d i s t r i bu t ion  @ and  the  e lec t ron-  
dens i t y  d i s t r i bu t ion  @' ca l cu la t ed  f rom the  obse rved  
s t r u c t u r e  a m p l i t u d e s  IF I w i t h  phase  angles  an ,  a n d  his 
resul ts  show t h a t  t h e  reso lu t ion  in @' of t he  r e m a i n i n g  
a t o m s  of t he  s t ruc tu re ,  i.e. t h e  a t o m s  w h i c h  were  n o t  used  
in ca lcu la t ing  all ,  is less f avou rab l e  in t h e  non-cen t ro -  
s y m m e t r i c a l  t h a n  in t he  c e n t r o s y m m e t r i c a l  case.  Woolf-  
son (1956) has  shown  for  t he  c e n t r o s y m m e t r i c a l  case 
t h a t  i m p r o v e d  reso lu t ion  of these  r e m a i n i n g  a t o m s  can  
be  o b t a i n e d  b y  ca lcu la t ing  a F o u r i e r  series w i t h  co- 
efficients SH{(2P+ -- 1)iF l - I F E I } ,  w h e r e  S g  is t he  sign of 
F g  a n d  P +  is t he  p robab i l i t y  t h a t  F a n d  _F E h a v e  the  
s ame  sign. P +  is g iven  b y  

P +  - -2+~-  ~ i t a n h  (IFFHI/ZL) 
w h e r e  

n 

---- .~ f i 

is a s u m m a t i o n  over  t he  r e m a i n i n g  a toms .  
V a n d  & P e p i n s k y  (1957) h a v e  d iscussed  t h e  r e l a t ed  

p r o b l e m  of i m p r o v i n g  t h e  eff ic iency of r e f i n e m e n t  b y  t h e  
F o u r i e r  m e t h o d  of a c e n t r o s y m m e t r i c a l  c rys ta l  s t r u c t u r e  
a n d  r e c o m m e n d  a w e i g h t i n g  s y s t e m  for t h e  s t r u c t u r e  
a m p l i t u d e s  w h i c h  is r e l a t ed  to  Wool fson ' s  sys t em.  

I n  t he  p r e sen t  p a p e r  i t  is s h o w n  t h a t  b y  w e i g h t i n g  
the  obse rved  s t r u c t u r e  a m p l i t u d e s  in a su i tab le  m a n n e r  
i m p r o v e d  reso lu t ion  of the  r e m a i n i n g  a t o m s  in t he  s t ruc-  
t u r e  can  be  o b t a i n e d  also in t he  n o n - c e n t r o s y m m e t r i c a l  
case of t he  h e a v y - a t o m  m e t h o d .  

Phase-an~,le distribution 

F o r  f ixed  va lues  of IFH] a n d  a n  t he  j o in t  p r o b a b i l i t y  of 
ob t a in ing  a s t r u c t u r e  f ac to r  w i t h  a m p l i t u d e  IF I b e t w e e n  
IF[ a n d  IF[ + d]F[ a n d  w i th  (a - a n )  b e t w e e n  ~ a n d  ~+  d~ 
is 

p(]F[,  ~)d]F]d~ = IF] (:z2Jz)-* exp [ -  (IF]2+ IFH[2)/XL] 

X exp (2IF] ]FH[ cos ~/XL)dlF [ d~.  

T h e  p robab i l i t y  of ob t a in ing  a va lue  of IF I b e t w e e n  IF] 
a n d  IFI + d i e  I is in th is  case 

p(IFl)dLFI = 21FI(ZL-*) exp [ - - ( IFle+ JFBi~)/_~z] 

x I0(21Fl iFHO/ZL)d[F l , 

w h e r e  I 0 is t h e  mod i f i ed  ze ro-order  Bessel  f unc t i on  
(Watson ,  1922, p.  77). T h e  p robab i l i t y  of ( a - - a l l )  ly ing  
b e t w e e n  ~ a n d  ~+ d~ for  a s t r u c t u r e  f ac to r  w i t h  f ixed 
va lues  of [Fi, iF~] a n d  a n  is t h e n  

w h e r e  

p(~)d~ =p(XF], ~)dJF] d~/p(IFr)dIFI , 

= e x p  (X cos ~)d~/2~Io(X ) , 

x = 21Fl IFBI/ZL • 

A similar  express ion  used  in a d i f fe ren t  c o n t e x t  has  been  
de r ived  b y  Cochran  (1955). 

T h e  p robab i l i t y  t h a t  ( a - a n )  lies b e t w e e n  the  l imits  
_+ ~ is t h e n  g iven  b y  

p(~)d~ . P ( ~ )  = _~ 

Values  of P(~) for  var ious  va lues  of X a n d  ~ are  l is ted 
in Tab le  1. T h e  resul ts  ind ica te  t h a t  t he  la rger  t he  va lue  
of X the  m o r e  l ikely la - aHf is to be small ,  a n d  conver se ly  
t h e  smal le r  t h e  va lue  of X the  m o r e  l ike ly  l a - a ~ ]  is 
to  be large.  W h e n  X = 5 ,  for  example ,  t h e  p r o b a b i l i t y  
t h a t  a is w i th in  _+ 20 ° of a ~  is 0.549, whe rea s  w h e n  X --- 1 
t he  p robab i l i t y  is on ly  0-234. 

X 

Table  1. Values of P(~) 
(°) 

0 20 40 60 80 100 120 140 160 180 
0 0.000 0.111 0"222 0"333 0.444 0"556 0.667 0"778 0.889 1.000 
1 0-000 0.234 0.442 0.609 0.733 0.821 0.883 0.930 0.967 1.000 
2 0-000 0.346 0.621 0-798 0.896 0.946 0-971 0.984 0-993 1.000 
3 0.000 0-431 0-737 0.896 0.961 0.985 0.994 0.997 0.999 1-000 
4 0.000 0.496 0.811 0.944 0.985 0.996 0.999 0.999 1.000 1.000 
5 0.000 0.549 0.862 0.969 0.994 0"999 0.999 1.000 1.000 1.000 

W 
0 0.25 
0 0.157 

Tab le  2. Values of the weighting factor W as a function of X=2]FJ]F•]/2:L. 

X 
0.50 0.75 1.0 1.5 2.0 3.0 4.0 
0.308 0.443 0.561 0.738 0.850 0.952 0.982 

5.0 
0"992 

o o  

1.000 
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Fig. 1. The functions shown are 

(a) ~" for r----1.5 (b) o" for r----1.5 
(c) Q" for r=l.O (d) ~" for r=l.O 
(e) Q" for r=0.5 (f) ~' for r=0.5 

The true positions of the 'unknown'  atoms are indicated by vertical lines. 

A m o d i f i e d  F o u r i e r  s e r i e s  

I n  Wool f son ' s  t r e a t m e n t  of t h e  c e n t r o s y m m e t r i c a l  case 
of t h e  h e a v y - a t o m  m e t h o d  t h e  coeff icients  u sed  in his 
mod i f i ed  F o u r i e r  series a re  S//{(2P+ - 1)IF] - i F / / [ } ,  i.e., 
t h e  sign of 2H is a d o p t e d  a n d  each  s t r u c t u r e  a m p l i t u d e  
IF I is w e i g h t e d  b y  a f ac to r  w h i c h  has  a va lue  b e t w e e n  
0 a n d  1. W h e n  i t  is m o s t  u n c e r t a i n  t h a t / ~  a n d  F / / h a v e  
t h e  same  sign t h e  we igh t i ng  fac to r  is v e r y  smal l  a n d  as 
t h e  p robab i l i t y  t h a t  F a n d  F / /  h a v e  t he  s ame  sign in- 
creases so also does t h e  we igh t i ng  factor .  

A s imi lar  t r e a t m e n t  of t he  n o n - c e n t r o s y m m e t r i c a l  case 
seems des i rable  to  i m p r o v e  the  reso lu t ion  of t h e  a t o m s  
w h i c h  we re  n o t  inc luded  in t he  ca lcu la t ion  of a/ / ;  w h e n  
i t  is p robab l e  t h a t  la - a / / I  is large  t he  s t r u c t u r e  a m p l i t u d e  
IF I shou ld  be  w e i g h t e d  by  a fac to r  w h i c h  is smal l  and ,  
on t h e  o the r  h a n d ,  w h e n  it  is p robab le  t h a t  l a -  aRI is 
smal l  t he  we igh t i ng  fac to r  shou ld  be  large, a p p r o a c h i n g  
its l imi t ing  va lue  of 1. I f  t he  w e i g h t i n g  fac to r  to be 
app l ied  to  a s t r u c t u r e  a m p l i t u d e  is d e n o t e d  b y  W t h e n  
obv ious ly  W shou ld  be  a func t ion  of P(~).  A su i tab le  
we igh t i ng  s y s t e m  is de f ined  b y  

W = 2P(90 °) - 1 ,  

for  w h e n  ]a-aB[  is l ike ly  to  be  large X is smal l  and  
2P(90 °) - 1  app roaches  0, a n d  w h e n  [ a - a / / ]  is l ikely  to  

be  smal l  X is large a n d  2P(90 °) - 1  a p p r o a c h e s  1. V a l u e s  
of t h e  w e i g h t i n g  fac to r  as a func t i on  of X a re  l i s ted  in  
Tab le  2. 

I n  t he  ini t ia l  s tages  of a s t r u c t u r e  r e f i n e m e n t  t h e  abso- 
lu te  scale of t h e  obse rved  IF I va lues ,  d e t e r m i n e d  for  
e x a m p l e  b y  m e a n s  of a Wi l son  plot ,  is o f t en  n o t  k n o w n  
w i t h  g rea t  accu racy ,  a n  e r ro r  of p e r h a p s  _+ 2 0 %  be ing  
possible.  Acco rd ing ly  i t  was  dec ided  in t he  p r e s e n t  w o r k  
n o t  to  c o m p u t e  a d i f fe rence  d i s t r i bu t i on  such  as u sed  b y  
Wool fson  b u t  to  ca lcu la te  d i r ec t ly  a F o u r i e r  series in  
w h i c h  t h e  w e i g h t e d  s t r u c t u r e  a m p l i t u d e s  W[F[ are  used  
as coeff icients  w i th  p h a s e  angles  a//.  

T h e  e x a m p l e  cons ide red  is a one -d imens iona l  s t r u c t u r e  
w i t h  9 a toms .  I n  t h e  ca lcu la t ion  of t he  s t r u c t u r e  ampl i -  
t udes  IFJ all 9 a t o m s  were  used  b u t  in t h e  ca lcu la t ion  of 
t h e  phase  angles  a//  on ly  4 of t he  a t o m s  were  used .  W e  
h a v e  

4 
2'//(h) = ~ ' f / / e x p  (2~ihxR)~ 

j = l  

4 9 

F(h) = . ~ f / /  exp (2rdhxH)i ÷ ~ , f L  exp (2~ihxL)i. 
i = 1  i = 5  

T h e  a tomic  fo rm  factors  fL used  for  t h e  5 a t o m s  n o t  
inc luded  in t h e  ca lcu la t ion  of a// were  those  g iven  b y  
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Hoern i  & Ibers  (1954) for carbon, modif ied by  a tem- 
pe ra tu re  factor B=3.0.  The form factors fH for the 
4 a toms determining aH were deduced  from the relat ion 

r = 1 H / Z L  = ( f e / f L ) ( 4 / 5 ) ½ ,  

r being assigned values of 0.5, 1.0 and 1.5 in turn.  Values 
of ]FI, IFsl and  a~  were calculated for h ~ 30 and the 
appropr ia te  values of W obta ined by  interpolat ion in 
Table 2. 

Elec t ron-dens i ty  distr ibutions @' and  @'" were cal- 
cu la ted  for the three values of r:  @' was calculated from 
the  s t ruc ture  ampl i tudes  IFI wi th  phase angles aB and @'" 
was calculated from the  sui tably scaled weighted  struc- 
ture  ampl i tudes  IcWIF I with  phase angles all, the  same 
F(0) t e rm being used in each series and  the scale factor  
/c being defined by  

30 30 
IFI = ~ 2." w I F I .  

h=I h=l 

A fair comparison of the two distributions can then be 
made directly. The resultant distributions are shown in 
Fig. I, and an examination of this shows the improved 
resolution in @H, especially at the lowest value of r, of 
the  a toms which make  no contr ibut ion  to all. 

I n  order  to provide a quan t i t a t ive  measure  of the 
improvemen t  a comparison was made  of the  average 
peak  heights  of the known atoms,  t ha t  is, those contr ibut-  
ing to aB, and  the unknown  atoms in the weighted  and  

unweigh ted  Four ier  series of :Fig. 1. Values of (@W/@U)H 

and  (@W/@U)L, the  ratios of the  average peak height  in 
the  weighted  series to the  average peak height  in the 
unweigh ted  series of the  known and  unknown  atoms, 
respectively,  were calculated for the various values of r 

Table 3. Comparison of the average peak heights in the 
weighted and unweighted Fourier series 

r (qw/qv)~ (@w/qu)z 
0-5 1.11 1.42 
1.0 1.05 1.13 
1-5 1.03 1.08 

and are listed in Table 3. The results show tha t  the  aver-  
age peak  height  of an  unknown  a tom is increased con- 
siderably more in the weighted  series t han  is the  peak 
height  of a known atom.  The greatest  improvemen t  in 
resolution is associated wi th  the  smallest  value of r, 
in agreement  wi th  Woolfson's conclusions concerning the  
cen t rosymmetr ica l  case. 

In  view of these results it would appear  tha t  there  is 
a greater  possibility of recognizing the s t ruc ture  in the  
weighted than  in the unweigh ted  series and  it would seem 
worthwhile ,  therefore,  in the  applicat ion of the heavy-  
a tom me thod  to non-cent rosymmetr ica l  s tructures,  par- 
t icular ly  when  the  pa rame te r  r is small, to weight  each 
s t ruc ture  ampl i tude  according to the funct ion t abu la ted  
in Table 2 ra the r  t han  to include indiscr iminately  each 
s t ruc ture  ampl i tude  a t  its face value. 
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A long t e rm  project  in these laboratories has been the  
invest igat ion of the  s t ructures  of compounds  of the type  
R2SeX e and  R~TeX~ where  X is one of the  halogens. 
The previously repor ted  studies have involved only 
dichlorides and  dibromides and  the  s t ructures  have,  in 
all eases, involved near ly  linear X - S e - X  and  .X -Te-X  
axial bonds in molecules wi th  pseudo tr igonal  b ipyramidal  
s t ructures  (see Christofferson, Sparks & McCullough, 
1958, for references to earlier studies). P re l iminary  
studies on several iodides in the  te l lur ium series showed 
these to be s t ruc tura l ly  complex. In  contrast ,  the  iodides 
of 1,4 diselenane and  1,4 di th iane proved to be crystallo- 
graphical ly  simple. Work  on these compounds  indicated 
t h a t  t hey  are molecular  complexes, ra ther  t han  t rue  
diiodides. This unexpec ted  result  gave added  interest  to 
the  s tudy  and p rompted  this pre l iminary  report .  

Crystal lographic da ta  for the  isomorphous compounds  

* This research was sponsored by the National Science 
Foundation under Grant NSF-G 5922. 

Table 1. Crystallographic data 

C4H8S 2 . 2 12 C4HsSe 2 . 2 12 

a (A) 6-83 6.88 
b (A) 6-39 6.33 
c (A) 16.78 17-68 
fl (o) 117 ° 30' 118 ° 30" 
@obs. (g.cm -3) - -  3-4 
@calc.(g.cm -3) 3"22 3-53 

are given in Table 1. Due to the presence of only two 
molecules per uni t  cell in P21/c , the  molecules are re- 
quired to be cent rosymmetr ic .  Sat isfactory tr ial  struc- 
tures  were obta ined by  means  of Pa t te r son  summat ions  
on (010) and  (100) and  Four ier  summat ions  on these 
faces of the  uni t  cells in the  two compounds  gave the  
posit ional parameters  listed in Table 2. Al though ap- 
proximate  carbon positions were indicated  in the two- 
dimensional  summations ,  reliable parameters  mus t  awai t  
the  three-dimensional  ref inement  of the s t ructures  now 
in progress. A project ion of the  s t ruc ture  of the  selenium 

A C 12 54 


